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a b s t r a c t
A. Blumberg has shown that the category of triples consisting of a simplicial set, a cyclic set
and appropriate compatibility data serves as a discrete model for the homotopy theory of
spaces with an S1-action. We show that the category of triples consisting of a∆(Z/2)-set,
dihedral set and appropriate compatibility data serves as a model for the homotopy theory
of O(2)-spaces.
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1. Introduction
In the recent article [1], A. Blumberg succeeds in constructing a combinatorial model which completely describes the
homotopy theory of S1-spaces. This is the final step in an area of research which started a quarter of century ago with
A. Connes’ paper [2]. The aim of that paper is to give a derived functor approach to cyclic cohomology. In order to achieve
this, Connes introduces the cyclic category Λ, which is a modification of the simplicial category ∆. It is soon realized that
the category Λ can be used to provide a discrete model for S1-spaces, see W. Dwyer, M. Hopkins, and D. Kan [3]. More
specifically, a map of cyclic sets (i.e. functors Λop → Sets) is called a weak equivalence if it is a weak equivalence of the
underlying simplicial sets. The homotopy category of cyclic sets with this structure is equivalent to the homotopy category
of topological spaces with the action of S1, where a map is a weak equivalence if it is a weak homotopy equivalence of the
underlying spaces. There is amore rigid structure on the category of spaces with an action of a compact Lie group G obtained
by taking as weak equivalences the maps which induce weak homotopy equivalences on the fixed point sets of all closed
subgroups of G. M. Bökstedt, W.C. Hsiang and I. Madsen [4] show that cyclic sets do in fact capture the fixed point data of
finite subgroups of S1. These ideas are given a precise homotopy-theoretic interpretation in [5]. As the fixed point set of S1
acting on the realization of a cyclic set is always discrete, it is not possible to take into account the fixed point data for all
of S1. Blumberg overcomes this deficiency of cyclic sets by introducing a category of triples: a simplicial set, a cyclic set,
and appropriate compatibility data. He gives this category a model structure whose homotopy category is equivalent to the
homotopy category of S1-spaces where a map is a weak equivalence if it induces weak equivalences of spaces on the fixed
point sets of all closed subgroups of S1 (i.e. the finite subgroups and S1 itself).
In [6], J.-L. Loday introduces the category Sd of dihedral sets (these are simplicial sets with the actions of the dihedral
group of order 2(n + 1) in dimension n). Z. Fiedorowicz and Loday show in [7] that these objects can serve as models for
O(2)-spaces, the detection of fixed point sets is not addressed. As is shown in [8], the fixed points of finite subgroups of O(2)
are in fact detected by dihedral sets.
In this paper we give, using Blumberg’s paper as a guide, a combinatorial model for the homotopy theory of O(2)-spaces
taking into account the fixed point sets of all closed subgroups.
The situation is a bit more complicated than the case of S1-spaces, because O(2) has two infinite closed subgroups: S1
and O(2) itself. We show that an O(2)-space can be represented by a triple consisting of a ∆(Z/2)-set (defined in [7]), a
dihedral set, and an appropriate compatibility map.
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2. Outline of the paper
In Section 3 we establish a combinatorial model for the equivariant homotopy theory of Z/2-spaces. This is the category
of∆(Z/2)-sets, which we denote by SZ/2. Essentially, a∆(Z/2)-set is a simplicial set with a Z/2-action in each dimension,
whose realization is a Z/2-space. Some care is needed here, as things need to be arranged in such a way that there is a
natural forgetful functor from the category of dihedral sets to the category of∆(Z/2)-sets.
In Section 4 we construct a functor ∇ : SZ/2 → Sd, whose role is to ‘‘glue’’ the fixed point data for the two infinite
closed subgroups of O(2) onto the dihedral set. We also introduce the coupled model category SZ/2∇Sd. This is a category
consisting of triples A = (AZ/2, Ad, ξ : ∇AZ/2 → Ad). For this construction to work, we need to check that ∇ is Reedy
admissible (Definition 1.6 in [1]).
In Section 5 we recall the relevant model category structure on the category of O(2)-spaces and make the final step by
giving a pair of adjoint functors relating this category and the category SZ/2∇Sd and showing that they satisfy the assumptions
of D. Quillen’s equivalence theorem ([9], Chapter I, Theorem 3). We apply a slightly simplified version of Quillen’s theorem
which appears as Theorem 9.7 in [10].
3. Equivariant homotopy theory of Z/2-spaces
The first ingredient of our model of O(2)-spaces is the model for the fixed point sets of the two infinite closed subgroups
of O(2), i.e. O(2) and S1. If X is an arbitrary O(2)-space, then the fixed point set of S1 has a natural Z/2-structure, since
O(2)/S1 ' Z/2.
The next result follows from Theorem 2.2 in Dwyer and Kan [11].
Proposition 3.1. The category TopZ/2 of topological spaces with a Z/2-action has a model structure in which a map f : X → Y
in TopZ/2 is a weak equivalence (fibration) if both the map f and the map f Z/2 : XZ/2 → YZ/2 are weak homotopy equivalences
(fibrations) of topological spaces.
A discrete model for TopZ/2 is provided by the∆(Z/2)-sets of Fiedorowicz and Loday [7], Example 2, p. 59. The category
(∆(Z/2))op is the subcategory of (3d)op of dihedral operators (Definition 1.1 in [8]) generated by ∆op and the morphisms
wn+1 : [n] → [n], n ≥ 0. A∆(Z/2)-set is a functor (∆(Z/2))op → Sets and a morphism is a natural transformation of such
functors. We denote this category by SZ/2. The categories ∆op and ∆(Z/2)op are related by the obvious inclusion functor
j : ∆op → ∆(Z/2)op.
We also need the standard ∆(Z/2)-sets, which are defined in the usual way: ∆(Z/2)[n] = hom(∆(Z/2))op([n],−). One
can check that |j∗∆(Z/2)[n]| = Z/2 × ∆n; we denote this Z/2-space by ∆nZ/2. The collection of these forms a cosimplicial
space which we denote by∆∗Z/2. There is a pair of adjoint functors:
|?|Z/2 : SZ/2 ↔ TopZ/2 : S∗Z/2 (3.2)
defined as follows: |X |Z/2 = X ⊗∆(Z/2)op ∆∗Z/2 and S∗Z/2(X)n = HomTopZ/2(∆nZ/2, X).
We need another description of the realization functor.
Lemma 3.3. There is a natural isomorphism of functors
|j∗(?)| ' F · |?|Z/2 : SZ/2 → Top,
where F : TopZ/2 → Top is the forgetful functor.
Proof. We let Z/2 = ±1 with the obvious group structure. Consider the following diagram:∐
n≥0 Xn ×∆n
q−−−−→ ∐n≥0 Xn ×∆nZ/2yp1 yp2
|j∗(X)| |X |Z/2
where q(x, u) = (x, u× 1) and the vertical maps are the canonical maps onto the quotient. It is not hard to show that if we
have two elements in
∐
n≥0 Xn ×∆n which map to the same element in |j∗(X)|, then they also map to the same element in|X |Z/2. This implies that there is a well defined map h : |j∗(X)| → |X |Z/2 induced by q.
It is clear that every element [x, u × 1] is in the image of h. To see that elements of the form [x, u × −1] are also in the
image, note that (x, u × −1)maps to the same element as (wn+1x, u × 1) in |X |Z/2, where n is the dimension of x. Similar
arguments lead to the observation that h is one to one: if h[x, u] = h[y, v], then the pairs (x, u × 1) and (y, v × 1) are
related by an element of φ ∈ ∆(Z/2). However, since the last term in both pairs equals +1, in fact φ ∈ ∆, which implies
[x, u] = [y, v]. 
Recall that the Segal–Quillen 2-fold subdivision of a simplicial set is defined by sq (X)n = X2n+1, di = di · d2n+1−i and
si = s2n−i · si. Moreover, using the ideas from Section 2 in [8], we define a functor Γ : SZ/2 → S, X 7→ sq (X)Z/2, where the
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actionw of Z/2 on sq (X) is given bywx = wn+2x for x ∈ sq (X)n = X2n+1. It is not hard to check that |Γ (X)| ' (|X |Z/2)Z/2.
We can apply Theorem 2.2 in [5] to give the category SZ/2 the following model structure:
Proposition 3.4. The category SZ/2 has a model structure in which a map f : X → Y of ∆(Z/2)-sets is a weak equivalence
(fibration) if both the map j∗f and the map Γ (f ) are weak equivalences (fibrations) of simplicial sets.
The pair of adjoint functors (3.2) satisfies the assumptions of Quillen’s equivalence theorem. We briefly indicate why
the condition in part (2) is satisfied. Suppose that the map f : X → S∗Z/2(Y ) is a weak equivalence in SZ/2. Hence the map
j∗(f ) : j∗(X)→ j∗S∗Z/2(Y ) is a weak equivalence of simplicial sets. However, we have j∗S∗Z/2 ' S∗, and the usual adjunction
between simplicial sets and topological spaces (May [12]) implies that the adjoint |j∗X | → Y is a weak equivalence of
spaces. Next, since Γ (f ) : Γ (X) → Γ S∗Z/2(Y ) is a weak equivalence, so is the realization |Γ (f )| : |Γ (X)| → |Γ S∗Z/2(Y )|.
Since |Γ (X)| ' (|X |Z/2)Z/2 and |Γ S∗Z/2(Y )| ' (|S∗Z/2(Y )|Z/2)Z/2 ' YZ/2, we see that the adjoint map (|X |Z/2)Z/2 → YZ/2 is
also a weak equivalence. Hence∆(Z/2)-sets give a combinatorial model for Z/2-equivariant homotopy theory.
4. The compatibility functor∇ and the coupled model structure
By Theorem 5.7 in [7], there exists a pair of adjoints
|?|d : Sd ↔ TopO(2) : S∗d .
We define the cosimplicial dihedral set ∇∗d by ∇nd = S∗d (∆nZ/2), that is ∇d in dimension n is the dihedral singular complex
of the realization of the standard ∆(Z/2) n-simplex, which is viewed as an O(2)-space. More precisely, the canonical map
% : O(2)→ O(2)/S1 ' Z/2 gives a functor TopZ/2 → TopO(2). Now we can define the main object of this section.
Definition 4.1. Let ∇ : SZ/2 → Sd be the functor defined by
∇(X) = X ⊗ (∆Z/2)op ∇∗d .
The key property of ∇ is given by
Lemma 4.2. There exists a natural map ζ : |∇(X)|d → |X |Z/2. This map induces weak homotopy equivalences on the fixed point
sets of all finite subgroups of O(2).
Proof. We need to know that the map γn : |S∗d (∆nZ/2)|d → ∆nZ/2 is a weak equivalence upon passage to all the fixed point
sets of finite subgroups of O(2). By Lemma 4.12 in [8] this is true for any O(2)-space, hence in particular for ∆nZ/2, viewed
as an O(2)-space. The proof now proceeds along the lines of the proof of Lemma 4.3 in [1]: we define ζ to be the following
composite:
|∇X |d = (X ⊗ (∆Z/2)op ∇∗d )⊗(Λd)op Λ∗d
= X ⊗ (∆Z/2)op(∇∗d ⊗(Λd)op Λ∗d)
= X ⊗ (∆Z/2)op |∇∗d |d
γ∗7→ X ⊗ (∆Z/2)op ∆∗Z/2 = |X |Z/2. 
Note that in the second line of the calculation above, in the second tensor product, it is the dihedral rather than the
cosimplicial structure of ∇∗d that is used.
Next, we recall how to merge two model categories related by a functor into one.
Definition 4.3 (Blumberg [1]). Let C and D be categories, and F : C → D a functor. The objects of CFD are triples
(A, B, FA→ B), where A is an object of C, B is an object of D and morphisms are pairs of maps α : A→ A′ and β : B→ B′
such that the two possible maps FA→ B′ are equal.
Theorem 4.4 (Blumberg [1]). Let C and D be model categories and F : C→ D be a Reedy admissible functor. Then CFD admits
the following model structure. A map (A, B, FA→ B)→ (A′, B′, FA′ → B′) is
(1) a weak equivalence if A→ A′ is a weak equivalence in C and B→ B′ is a weak equivalence in D,
(2) a fibration if A→ A′ is a fibration in C and B→ B′ is a fibration in D.
(3) a cofibration if A→ A′ is a cofibration in C and FA′ ∪FA B→ B′ is a cofibration in D.
Along the lines of Lemma 4.5 in [1] we establish the next result.
Lemma 4.5. The functor ∇ : SZ/2 → Sd is Reedy admissible.
Hence we can define our model of O(2)-spaces as the category SZ/2∇Sd with the above model structure.
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5. Equivalence of homotopy categories
The aim of the final section is to show that the category SZ/2∇Sd is indeed a model for TopO(2) with the following model
structure:
Proposition 5.1. The category TopO(2) has a model structure such that a map f : X → Y is
(1) a weak equivalence if f H : XH → YH is a weak equivalence of spaces for all closed subgroups H in O(2),
(2) a fibration if f H : XH → YH is a Serre fibration for all closed subgroups H in O(2),
(3) a cofibration if it has the left lifting property with respect to acyclic fibrations.
Again, this follows from Theorem 2.2 in [11].
Theorem 5.2. There is a pair of adjoint functors
L : SZ/2∇Sd ↔ TopO(2) : R.
The left adjoint L : SZ/2∇Sd → TopO(2) is defined as follows: given a triple A = (AZ/2, Ad,∇AZ/2 → Ad), its image under L is the
pushout of the diagram
|AZ/2|Z/2 ζ←|∇(AZ/2)|d → |Ad|d
where the map ζ is the map from Lemma 4.2.
Define the right adjoint R : TopO(2) → SZ/2∇Sd as follows: given an O(2)-space X, its image under R is the triple
(S∗Z/2(X S
1
), S∗d (X),∇(S∗Z/2(X S1))→ S∗d (X)), where the last element in the triple is the map adjoint to
|∇(S∗Z/2(X S
1
))|d → |S∗Z/2(X S
1
)|Z/2 → X S1 → X
under the adjunction between the functors |?|d and S∗d .
This is established using arguments similar to those in Section 5 of [1].
Theorem 5.3. The adjoints L and R satisfy the assumptions of part (1) of Quillen’s equivalence theorem, and hence induce a pair
of adjoints on the appropriate homotopy categories.
Proof. If f : X → Y is a fibration in TopO(2), then f H : XH → YH is a fibration for all closed subgroups H ⊆ O(2).
Hence, applying Theorem 4.3 in [8], we conclude that S∗d (f ) : S∗d (X) → S∗d (Y ) is a fibration of dihedral sets. Moreover,
f S
1 : X S1 → Y S1 is a fibration of Z/2-spaces. Hence S∗Z/2(f ) : S∗Z/2(X)→ S∗Z/2(Y ) is a fibration of ∆(Z/2)-sets in the model
structure of Proposition 3.4. Since fibrations in SZ/2∇Sd are defined coordinatewise, it follows that R(f ) is a fibration. The
proof that R preserves weak equivalences is similar. 
We need the following analogue of Blumberg’s Lemma 6.3:
Lemma 5.4. If f : X → Y is a cofibration of dihedral sets, then the maps
|f |O(2)d : |X |O(2)d → |Y |O(2)d , |f |S
1
d : |X |S
1
d → |Y |S
1
d
are homeomorphisms.
Corollary 5.5. If X is a cofibrant dihedral set, then |X |O(2)d and |X |S1d are empty.
Corollary 5.6. If A = (AZ/2, Ad,∇AZ/2 → Ad) is a cofibrant object in SZ/2∇Sd, then L(A)S1 ' AZ/2 and for all finite subgroups
H ⊆ O(2) we have L(A)H ' |Ad|Hd .
The main result of this paper is the following:
Theorem 5.7. The adjoints L and R satisfy the assumptions of part (2) of Quillen’s equivalence theorem and hence induce an
equivalence of homotopy theories.
Proof. Let A = (AZ/2, Ad,∇AZ/2 → Ad) be a cofibrant object in SZ/2∇Sd and let X be a fibrant object in TopO(2). We need to
show that a map f : A→ R(X) is a weak equivalence in SZ/2∇Sd if and only if its adjoint f [ : L(A)→ X is a weak equivalence
in TopO(2).
Let f : A → R(X) be a weak equivalence. Hence the maps AZ/2 → S∗Z/2(X) and Ad → S∗d (X) are weak equivalences
of ∆(Z/2)-sets and dihedral sets respectively. Therefore their adjoints |AZ/2|Z/2 → X and |Ad|d → X are also weak
equivalences. Applying the two out of three property and the previous corollary to the composite |AZ/2|Z/2 → L(A) → X ,
we see that the map f [ : L(A)→ X is a Z/2-equivalence. Applying the same reasoning to the composite |Ad|d → L(A)→ X ,
we see that the map f [ : L(A) → X is an equivalence of O(2)-spaces with the model structure taking into account fixed
point data of finite subgroups. We conclude that f [ : L(A)→ X is a weak equivalence in TopO(2).
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Now suppose that the map f [ : L(A) → X is a weak equivalence in TopO(2). By the previous corollary we know
that the map |AZ/2|Z/2 → L(A) is a Z/2-equivalence. Hence the composite |AZ/2|Z/2 → L(A) → X is also a Z/2-
equivalence. By Section 3 we conclude that the map AZ/2 → S∗Z/2(X) is a weak equivalence of ∆(Z/2)-sets. Again by
the previous corollary we know that the map |Ad|Hd → L(A)H is a weak equivalence for all finite subgroups H in O(2).
Hence the composite |Ad|Hd → L(A)H → XH is also a weak equivalence. We conclude that the map |Ad|d → X is a weak
equivalence of topological spaces in the model structure taking fixed point data of finite subgroups into account. By the
proof of Theorem 4.3 in [8] we conclude that the adjoint Ad → S∗d (X) is also a weak equivalence. It follows that the map
f : A = (AZ/2, Ad,∇AZ/2 → Ad)→ R(X) is a weak equivalence in SZ/2∇Sd. 
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